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In a large class of scalar-tensor theories that are potential candidates for dark energy, a nonminimal coupling
between the scalar and the photon is possible. The presence of such an interaction grants us the exciting prospect
of directly observing dark sector phenomenology in the electromagnetic spectrum. This paper investigates the
behavior of one-electron atoms in this class of modified gravity models, exploring their viability as probes of
deviations from general relativity in both laboratory and astrophysical settings. Building heavily on earlier
studies, our main contribution is threefold: A thorough analysis finds additional fine-structure corrections
previously unaccounted for, which now predict a contribution to the Lamb shift that is larger by nearly 4 orders
of magnitude. In addition, they also predict a scalar-mediated photon-photon interaction, which now constrains
the scalar’s coupling to the photon independently of the matter coupling. This was not previously possible
with atomic precision tests. Our updated constraints are log10 βm . 13.4 and log10 βγ . 19.0 for the matter
and photon coupling, respectively, although these remain uncompetitive with bounds from other experiments.
Second, we include the effects of the nuclear magnetic moment, allowing for the study of hyperfine structure and
the 21 cm line, which hitherto have been unexplored in this context. Finally, we also examine how a background
scalar leads to equivalence principle violations.
I. INTRODUCTION
Scalar fields have become ubiquitous in modern theoreti-
cal physics, playing a crucial role as potential solutions for
many of the most important open problems. They have been
posited as the driving force behind inflation, as a solution to
the strong-CP problem, and as candidates for darkmatter and
dark energy. Scalar fields are also interesting from the per-
spective of string theory, where scalar-tensor gravity actions
naturally arise after dimensional reduction.
Despite many instances in which the existence of a funda-
mental scalar proves desirable, none—apart from the Higgs
boson—has been observed to date. For those with applica-
tions to late-time cosmology, the resolution comes by way of
introducing a screening mechanism. This enables the scalar
to evade the stringent constraints of fifth force searches [1]
while still potentially giving rise to astrophysical signatures.
Of particular interest in this work are classes ofmodelswhere
the scalar has a canonical kinetic term in the Einstein frame,
with screening prompted by a nonminimal coupling tomatter.
These include screening of the chameleon [2] and Damour-
Polyakov types [3–5]. It is interesting to also allow for a
non-minimal coupling between the scalar and the photon
since one is not forbidden by symmetry. This is reminiscent
of Bekentein-Sandvik-Barrow-Magueijo varying alpha mod-
els [6], the Olive-Pospelovmodel [7], Kaluza-Klein theories,
and the dilaton in string theory. Its phenomenology in the
present context has been widely explored, both in astronom-
ical [8–13] and laboratory settings [14–18].
In this paper, we ask if atomic spectra can be used as a
tracer for modifications to gravity. The prototypical candi-
date for such a task is hydrogen, for two reasons: Hydrogen
is readily abundant in the Universe, and its spectral lines find
important uses in inferring galactic rotation curves [19, 20]
and as probes of large-scale structure and cosmic history [21].
It is therefore important that any systematic effect coming
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from modified gravity is understood. Second, its relative
simplicity enables us to obtain analytic solutions using stan-
dard methods of perturbation theory.
Hydrogen has already enjoyed an illustrious history as a
theoretical playground for probing gravitational effects. The
effect of tidal forces from a strongly curved background was
investigated in [22, 23], with further calculations specific
to the Schwarzschild metric done in [24]. Hydrogen atoms
have also been studied near topological defects [25], in both
de Sitter and anti-de Sitter space [26], in Rindler space [27],
and in f (R) theories with low curvature corrections [28].
In fact, one-electron atoms in chameleonlike scalar-tensor
theories have already been explored in [29]. However, the
implications of the scalar-photon coupling were not fully
exhausted, and we do so by extending their findings in this
paper.
The outline of this paper is as follows: The class of scalar-
tensor theories under consideration is briefly reviewed in
Sec. II. We enumerate all the possible gravitational effects
that lead to first-order perturbations in the Hamiltonian in
Sec. III, and the Hamiltonian itself is derived in Sec. IV.
Its implications are discussed in Sec. V, and we conclude in
Sec. VI.
II. SCALAR-TENSOR GRAVITY
We consider a scalar-tensor theory of gravity with the
action
S =
∫
d4x (Lgrav + Lem + Lm). (1)
The gravitational sector in the Einstein frame has the La-
grangian
Lgrav√−g˜ =
M2Pl
2
(R˜ − g˜µν∂µφ ∂νφ) − V(φ), (2)
where MPl = (8πGN)−1/2 is the reduced Planck mass in units
~ = c = 1. Our metric signature is (− + ++) throughout.
2The scalar couples nonminimally to the electromagnetic sec-
tor [30, 31], such that
Lem√−g˜ = −
1
4
ε(φ)FµνFµν . (3)
The matter sector, described by Lm, couples minimally to
the Jordan frame metric gµν = Ω2(φ)g˜µν . A scalar-tensor
theory of this class is fully specified by a choice of the three
functions V(φ), ε(φ), and Ω(φ). The results of this paper
hold for any theory with the above action, although we will
henceforth refer to all such scalars generically as chameleons.
The primary aim of this work is to extend the findings
of [29] by including all of the effects due to a chameleon-
photon coupling at first order in perturbations. Only a subset
of these were previously accounted for. Furthermore, as
the calculations in [29] were made in the Einstein frame,
we have elected to work in the Jordan frame. This gives
us, as an added bonus, a concrete example with which to
make interesting comparisons between the two approaches
(see Sec. V F). In the Jordan frame, we have
Lgrav√−g =
1
2
M2PlΩ
−2 [R − (1 − 6β2m)(∂φ)2 −U] . (4)
We have introduced the Jordan-frame potential U =
2M−2Pl Ω
−2V to simplify several equations, but we will con-
tinue to use both U and V . The function βm(φ) describes
the coupling of the chameleon to matter and is defined as
βm = (logΩ),φ, where a comma denotes a partial derivative.
As the electromagnetic sector is (classically) conformally in-
variant, its Lagrangian in the Jordan frame is identical to that
in Eq. (3), except with g˜µν replaced with gµν . Similarly, let
βγ = (log ε),φ describe the chameleon-photon coupling. The
equations of motion in this frame are
Gµν =
Ω
2
M2Pl
Tµν + T
(φ)
µν , (5a)
φ − 2βm(∂φ)2 = Ω
2
M2Pl
(
V,φ
Ω4
− βmT +
εβγ
4
F2
)
, (5b)
∇µ(εFµν) = −Jµ, (5c)
where F2 ≡ FµνFµν , Jµ is the total conserved current
charged under the U(1) gauge group, and Tµν is the stress
tensor of all matter fields, with trace T . This includes the
contribution of the electromagnetic stress tensor, whose form
is slightly modified due to the nonminimal coupling:
T
(em)
µν = ε(φ)
(
FµρFν
ρ − 1
4
gµνF
2
)
. (6)
The stress tensor for the chameleon is
T
(φ)
µν = 2βm(gµνφ − ∇µ∇νφ)
− 1
2
[(1 − 4βm,φ + 2β2m)(∂φ)2 +U] gµν
+ (1 − 2βm,φ − 2β2m)∂µφ ∂νφ. (7)
III. CLASSICAL FIELD SOLUTIONS
Our model of the atom is semiclassical: The nucleus
sources gravitational, electromagnetic, and chameleonfields,
on which we wish to quantize the electron. This section dis-
cusses their solutions in turn.
A. Background curvature
As we are interested in the, admittedly small, gravitational
effects on atoms, we should wonder if the background space-
time causes an appreciable perturbation. For a point-particle
nucleus traversing the worldline Γ in a background spacetime
g¯µν , there always exists adapted coordinates (t, xi) such that
the rest frame of the nucleus can be Taylor expanded to give
g¯µν = ηµν + g¯µν,i x
i
+
1
2
g¯µν,ij x
ix j + O(r3), (8)
where all derivatives are evaluated at the spatial origin xi = 0
but still generally remain functions of time t. While the
choice of coordinates (t, xi) is by nomeans unique, the Fermi
coordinates are especially useful [32, 33]. These preserve
the notion of proper time t along the entire extent of the
worldline Γ and the notion of proper distances xi in its convex
normal neighborhood. At the order prescribed, two types of
terms appear: terms linear in the backgroundRiemann tensor
R¯µνρσ, which describe tidal forces, and terms up to quadratic
order in the acceleration aµ of Γ. The interested reader can
find explicit expressions for the metric components in [33].
The effect of the Riemann tensor terms are studied in [22],
with the result that the leading contribution to the Hamilto-
nian is
H ⊃ 1
2
me R¯0i0j x
ix j β, (9)
where β is a Diracmatrix as defined in Sec. IV.Making an or-
der of magnitude estimate and substituting R¯0i0j ∼ D−2 with
some curvature length scale D, this perturbation is compa-
rable to fine-structure splitting only whenD . Z−3 10−4 cm,
where Z is the atomic number. Galactic (stellar mass) black
holes, assumed to be some of the most strongly curved re-
gions of spacetime in our Universe, have D ∼ 105 cm near
its event horizon. On these length scales, the perturbation
would give rise to an energy shift ∼ 10−24 eV; on Earth it
would be 10−38 eV. This is unobservable in both cases.
Similarly, the effect of an accelerating worldline is studied
in [27], with the leading contribution being
H ⊃ meaixiβ. (10)
If we again wish for this to be comparable to fine-structure
splitting, this requires a & 1018 g⊕ , where g⊕ is the Earth’s
surface gravity. On Earth, this perturbationwould give rise to
energy shifts ∼ 10−21 eV. While consistently a larger effect
than tidal forces, this is also unobservable. Consequently,
contributions from a curved background can be safely ig-
nored in what follows.
B. Chameleon profile
In the rest frame of the nucleus, a background chameleon
can be Taylor expanded to give φ(0) = φ¯ + φ¯ixi + O(r2).
The constant φ¯ is the chameleon’s vacuum expectation value
3(vev) in the neighborhood of the atom, and φ¯i ≡ ∂i φ¯|x=0 is a
background gradient. Overlaying this background is a local
profile δφ = φ − φ(0) due to the presence of the nucleus.
Linearizing Eq. (5b) about φ(0), and considering only static
solutions, we obtain
∇2δφ = Ω¯
2
M2Pl
[
β¯mmNδ
(3)(r) − 1
2
ε¯ β¯γE
2
(0)
]
, (11)
where ∇2 ≡ δij∂i∂j is the flat-space Laplacian, and overbars
denote a quantity evaluated at φ¯, e.g., Ω¯ ≡ Ω(φ¯). This
equation retains only the two dominant sources for δφ, the
mass mN and the Coulomb field E(0) of the nucleus. Several
subleading terms have been safely discarded:
(1) On the lhs, we ignore the kinetic term φ¯i∂iδφ which
describes a local-background chameleon interaction.
If the background changes on a length scale D, and
the Bohr radius is a0, then this term is suppressed by
at least a factor a0/D ≪ 1 relative to ∇2δφ.
(2) On the rhs, we have ignored the magnetic moment of
the nucleus. The resultingmagnetic fieldB(0) is always
several orders of magnitude weaker than the Coulomb
field. Note that excluding the magnetic contribution
here does not preclude us from studying the leading
chameleon effect on hyperfine structure in Sec. VD.
(3) Wehave also ignored any large-scale,background elec-
tromagnetic fields. Relaxing this assumption would
give rise to two types of terms. The first are purely
background terms∼ E2(bg),B2(bg) which source the back-
ground chameleon φ(0) [34], having no bearing on the
form of δφ. The second type are cross terms propor-
tional to E(0) · E(bg) and B(0) · B(bg). The conclusions
of this paper hold provided |E(bg) |, |B(bg) | ≪ |E(0) | in
the vicinity of the nucleus, which is typical for envi-
ronments that host atoms, rather than ions.
(4) Finally, we have also ignored the term m2φδφ that ac-
counts for the chameleon’s effective mass in this envi-
ronment,
m2φ =
1
M2Pl
d
dφ
(
V,φ
Ω2
− βmΩ2T (0)
)
φ¯
, (12)
where T (0) is the background matter density. This
expression omits background electromagnetic fields,
whose effect is typically small comparedwith the mat-
ter density. We can neglect this term if the local
chameleon’s Compton wavelength m−1φ is much larger
than theBohr radius, that is,mφ ≪ ζme ≈ Z (3.7 keV).
This is easily satisfied by most, if not all, screening
mechanisms of physical interest. Of course, our re-
sults equally apply to unscreened scalar fields with
mass below this upper limit.
Taking the electric field to be |E(0) | = Ze/4πε¯r2 (see
Sec. III D), the solution is
δφ = − Ω¯
2
8πM2Pl
(
2β¯mmN
r
+
β¯γZ
2α
2ε¯r2
)
. (13)
In what follows, one finds that Ω¯2 always accompanies a
factor of (8πM2Pl)−1, and ε¯−1 always accompanies the fine-
structure constant α. The reason for this is clear: The effect
of Ω¯ is to induce an effective gravitational constant, while ε¯
induces an effective fine-structure constant. For brevity, we
will henceforth write
G =
Ω¯
2
8πM2Pl
= Ω¯
2GN, ζ =
Zα
ε¯
. (14)
We will also drop the overbars on βm and βγ .
C. Metric perturbations
This local chameleon field and the mass of the nucleus go
on to source a metric perturbation hµν = gµν − ηµν . Lin-
earizing Eq. (5a), we find
δGµν = 8πGδTµν + 2βm(ηµν∇2δφ − ∂µ∂νδφ). (15)
The stress tensor of the nucleus is δTµν = mNδ(3)(r)δ0µδ0ν ,
and the linearized Einstein tensor is
2δGµν = −hˆµν − ηµν∂α∂β hˆαβ + 2∂α∂(µ hˆν)α, (16)
where hˆµν is the trace-reversed metric perturbation. For
similar reasons, we have ignored the term that is of the order
∼ m2φδφ ηµν on the rhs of Eq. (15).
It is easy to verify that this has the solution
hµν = −2ΦNδµν + 2ΦSηµν, (17)
where the first term is the familiar weak-field metric with
Newtonian potential ΦN = −GmN/r, and the second is a
fifth force potential ΦS = βmδφ. Defining Φ± = ΦN ± ΦS,
the metric can be written as
ds2 = −(1 + 2Φ+) dt2 + (1 − 2Φ−) dx2. (18)
The nonvanishing components of the Christoffel symbols are
Γ
0
0i = ∂iΦ+, Γ
i
00 = ∂
i
Φ+,
Γ
k
ij = ∂
k
Φ−δij − 2δk(i∂j)Φ−. (19)
It will later prove useful to express the metric in terms of
the vierbeins {eaˆµ}, gµν = ηaˆbˆeaˆµebˆν , where hatted Roman in-
dices aˆ, bˆ denote local Lorentz indices. When the distinction
is unnecessary, the hats will be dropped. Their dual vec-
tor fields are defined as eµ
aˆ
= ηaˆbˆg
µνebˆν . For the weak-field
metric in Eq. (18), these are
e0ˆµ = (1 +Φ+)δ0µ, eıˆµ = (1 −Φ−)δiµ,
e
µ
0ˆ
= (1 −Φ+)δµ0 , e
µ
ıˆ
= (1 + Φ−)δµi . (20)
Also useful are expressions for the Ricci tensor, whose non-
vanishing components are
R00 = ∇2Φ+, Rij = δij∇2Φ− − 2∂i∂jΦS. (21)
D. Maxwell equations
In the Lorenz gauge ∇µAµ = 0, Eq. (5c) can be rewritten
as
Aµ − Rµν Aν − βγFµν∇νφ = −
Jµ
ε
, (22)
4which must be solved on the weak-field metric to consis-
tently keep all terms linear in φ. Ignoring any large-scale,
background electromagnetic fields as before, we expand
Aµ = A
(0)
µ + δAµ, where A
(0)
µ describes the bare electric
and magnetic fields of the nucleus,
eA
(0)
0
= − ζ
r
, eA
(0)
i
= γ
ǫijk I
j xk
r3
, (23)
sourced by its charge and magnetic moment, respectively.
The constant ζ = Zα/ε¯ is as defined in Sec. III B, I j is the
spin operator of the nucleus, and γ = gα/2ε¯mp is propor-
tional to the nuclear gyromagnetic ratio [35].
Linearizing Eq. (22), we obtain
∇2δA0 = βγ(φ¯i + ∂iδφ)F (0)0i + 2∂iΦN∂iA
(0)
0
, (24a)
∇2δAm = βγ(φ¯i + ∂iδφ)F (0)mi − 2∂iΦN∂iA
(0)
m
+ 2∂iΦ−∂mA
(0)
i
− 2A(0)
i
∂i∂mΦS. (24b)
These equations admit the natural interpretation that gravita-
tional effects generate secondary charges and currents, which
then source corrections to the bare electromagnetic fields.
The appropriate boundary condition for δAµ is, therefore,
that it vanishes in the absence of these effects. Said differ-
ently, we demand that the complementary functions be zero.
For the zeroth-order gauge fields as given in Eq. (23), the
solutions are
eδA0 =
ζ βγ φ¯ix
i
2r
− Gζ(βmβγ − 1)mN
r2
−
Gζ2β2γZ
6r3
, (25a)
eδAm = γβγǫik[mδl]j φ¯l
xix j Ik
r3
− γ
2
G(βmβγ + 1)mNǫijm x
i I j
r4
− γ
10
GZζ β2γǫijm
xi I j
r5
. (25b)
The Lorenz gauge at first order is
∂µδAµ = −2A(0)i ∂iΦS, (26)
and we have verified that our solutions satisfy this condition.
IV. HAMILTONIAN
In the previous section, we obtained classical solutions for
the gravitational, electromagnetic, and chameleon field pro-
files sourced by a nonrelativistic nucleus fixed at the origin.
This section derives the Hamiltonian for an electron moving
in such a background. In the Jordan frame, the chameleon
couples to the electron only indirectly through its effect on
the metric and gauge fields, making the Dirac equation the
natural starting point,
(γµDµ + me)ψ = 0. (27)
It is certainly within our prerogative to take the nonrelativistic
limit oncewe have obtained theHamiltonian, as is sometimes
done, but this comes with little advantage. Working with the
relativistic wave functions is only marginally more involved,
whereas a nonrelativistic expansion in orders of α generate
an unnecessarily long list of terms to deal with. For these
reasons, our calculations are kept relativistic throughout.
Our conventions follow mostly those of [22], where the
position-dependent gammamatrices satisfy {γµ, γν} = 2gµν .
We can of course write γµ(x) = eµa(x) γa, where γa are the
flat-space variants. The electron has charge −e, and thus
has covariant derivative Dµ = ∂µ − ωµ + ieAµ , with spin
connection
ωµ =
1
2
γab(∂µeaν − Γανµeaα)gνλebλ . (28)
The matrices γab =
1
4
[γa, γb] are the generators of the
Lorentz algebra. For the weak-field metric in Eq. (18), this
evaluates to
ω0 = γ
0i∂iΦ+, ωi = γij∂
j
Φ−. (29)
Multiplying Eq. (27) by −i(g00)−1γ0 on the left, we obtain
the Schrödinger equation i∂tψ = Hψ with Hamiltonian
H = (−g00)−1iγ0me − (g00)−1γ0γiiDi + iω0 + eA0. (30)
To linear order in the perturbations, this can be written as
H = H0 + Hhfs + δHfs + δHhfs, (31)
where the unperturbed Hamiltonian for a one-electron atom
is
H0 = meβ + α
ipi + eA
(0)
0
, (32a)
with momentum operator pi = −i∂i. The matrices αi =
−γ0γi and β = iγ0 satisfy the algebra {αi, α j } = δij ,
{αi, β} = 0, and β2 = 1. The coupling between the nu-
clear magnetic moment and the electron’s angular momen-
tum gives rise to a hyperfine structure and is treated as a
small perturbation,
Hhfs = γǫijk
αi I j xk
r3
. (32b)
The remaining perturbations δH encapsulate gravitational
effects. We categorize them as fine-structure and hyperfine-
structure corrections, the former containing all the terms
independent of the nuclear spin. These are
δHfs =meΦ+β + 2ΦNα
ipi
+
i
2
αi(∂iΦN − 3∂iΦS) + eδA0, (32c)
whereas the hyperfine structure corrections are
δHhfs = 2ΦNα
ieA
(0)
i
+ αieδAi . (32d)
We note that the Hamiltonian receives other perturbations
due to vacuum polarization, relativistic recoil, finite nuclear
size effects, and so on [36, 37], which we will collectively
refer to as “QED corrections.” As they contribute additively
to the energy levels, there is no need to write them down
5TABLE I. Additive fine-structure corrections from chameleon effects to the energies of three transition lines: the Lyα line in electronic
hydrogen, and the Lamb shifts in electronic and muonic hydrogen. We have listed the contributions from each of the different terms in
Eq. (35). The numerical values given assume Ω¯ = ε¯ = 1, appropriate for a laboratory on Earth. The three rightmost columns give the
standard uncertainties for the energy levels as predicted by standard QED theory, and for the experimental measurement of the transition
frequency.
Additive corrections from chameleon effects (eV) Standard uncertaintiesa (kHz)
Transition B−1 term B−2 term A−2 term A−3 term σ(ψ)th σ(ψ′)th σ(ψ − ψ′)exp
2S1/2 − 1S1/2 (e−) 1.8 × 10−38 β2m 3.0 × 10−46 βmβγ 1.1 × 10−42 βmβγ 1.1 × 10−49 β2γ 0.31 2.5 0.010
2S1/2 − 2P1/2 (e−) 0 2.9 × 10−47 βmβγ 1.1 × 10−43 βmβγ 1.5 × 10−50 β2γ 0.31 0.028 9.0
2P1/2 − 2S1/2 (µ−)b 0 2.6 × 10−40 βmβγ 4.6 × 10−39 βmβγ 6.3 × 10−44 β2γ —
a These values were obtained from Table XVI of [36]. Note that 1 kHz = 4.1 × 10−12 eV. The third row is not used to constrain βm and βγ , so no values
are given.
b Note that the 2P1/2 level is raised relative to the 2S1/2 level in muonic hydrogen, while the converse is true in electronic hydrogen.
explicitly, although they turn out to play an important role in
Sec. VE.
So far, our derivation has kept both the chameleon and
Newtonian potential for completeness. Making a rough esti-
mate of their relative contributions, as we did in Sec. III A,
we find unsurprisingly that perturbations from the latter are
unobservable. Specifically, we make the substitutions
xi ∼ (ζme)−1, pi ∼ ζme, αi ∼ ζ, β ∼ 1, (33)
where (ζme)−1 is of the order of the Bohr radius. With these
replacements, the Newtonian terms all give a contribution
of the schematic form ∼ Gζm2emN , which corresponds to
a measly energy shift of 10−38 eV in hydrogen. It follows
that for gravitational strength couplings βm, βγ ∼ O(1), the
chameleon also causes energy shifts of a similar size. How-
ever, for strong couplings βm, βγ ≫ 1, this, in principle,
may lead to observable effects. The remainder of this paper
is concerned with such a possibility, and we will henceforth
neglect the Newtonian potential terms.
V. DISCUSSION
A. Atomic precision test constraints
Having included the effect of a chameleon-photon inter-
action sourcing corrections to the electromagnetic fields, our
Hamiltonian differs from that in [29]. It is therefore worth-
while beginning our discussion by revisiting some of their
analyses. The chameleon fine-structure corrections are
δHfs ⊃ meΦSβ + 3
2
iαi∂iΦS + eδA0. (34)
We have ignored the background gradient φ¯i for now, as this
is constrained by torsion experiments [2] to be negligible on
Earth. Its effect in unscreened environments is considered in
Sec. VE.
The second term in Eq. (34) is, roughly speaking, a cou-
pling between the electron spin and the chameleon. For
spherically symmetric profiles ΦS as in Eq. (13), this term
has a zero expectation value because of an exact cancellation
between components of the electron wave function [38] (fur-
ther details are also given in the Appendix). However, this is
no longer true if we relax any of the first three assumptions
made in Sec. III B, as these will generically break spherical
symmetry. We do not consider such complications in this pa-
per since we expect them to be subleading. Nevertheless, this
term is interesting because it does not appear altogether if we
work in the Einstein frame. This suggests an inequivalence
between the two frames, and is discussed in Sec. V F.
For now, the remaining terms of interest give
〈δHfs〉 ⊃ − 2Gβ2mmemNB−1 −
1
2
GZζ βmβγmeB−2
− Gζ βmβγmNA−2 − 1
6
GZζ2β2γA−3, (35)
where Aq = 〈rq〉 and Bq = 〈βrq〉 are radial expectation
values. Explicit expressions are given in [39] and are repro-
duced in the Appendix. Note that only the B terms were
taken into account in [29].
Let us define the additive correction to the energy of a
transition line as δE(ψ − ψ′) = 〈δH〉(ψ) − 〈δH〉(ψ′), for
two states ψ, ψ′. Then the Ly α line has an extra correction
δE(2S1/2 − 1S1/2) ≈ (10−38 eV)β2m + (smaller terms) due to
chameleon effects (see Table I for the full expression). As
was found in [29], the dominant term, assuming βγ is not
very much larger than βm, comes from the mass of the nu-
cleus sourcing a chameleon profile, which then couples to the
electron mass via the metric. This is encapsulated in the B−1
term. Also worth mentioning is the A−3 term, which can
be thought of as a chameleon-mediated backreaction of the
electric field on itself. Containing a factor of β2γ , this term
allows us to set an upper bound on βγ , whereas previously
only an upper bound on the product βmβγ was possible.
We constrain these parameters as follows: Also provided
in Table I are the standard theoretical uncertainties for the
energy level of each state σ(ψ)th as predicted by QED, and
the standard uncertainty associated with the experimental
measurement σ(ψ − ψ′)exp. For a conservative bound, we
simply add these together to form a total standard uncertainty
σ(ψ − ψ′)tot. For the Lyα line, we therefore require that
the chameleon effects be smaller than σ(2S1/2 − 1S1/2)tot =
1.1 × 10−11 eV, which yields (see also Fig. 1)
log10 βm . 13.4, log10 βγ . 19.0 (36)
at the 68% confidence level. We have repeated this exercise
for all hydrogen lines in Table XVI of [36] with a relative
6FIG. 1. The solid line gives the set of parameter values (βm, βγ)
for which a chameleonlike scalar is able to resolve the proton ra-
dius puzzle. The dotted line gives the corresponding set of values
predicted by a previous analysis. Such a possibility is excluded
by constraints (marked by shaded regions) from measurements of
the (electronic) Lamb shift in hydrogen and the Lyα line. These
constraints are much weaker than bounds placed by other methods
(see text for details).
standard uncertainty better than 10−10, concluding that the
tightest bounds from hydrogen indeed come from the Ly α
line. (We will later see in Sec. VD that the 21 cm line has
little constraining power.) It is worth commenting that our
bound on βm is marginally better than what was found in [29]
purely because we have used more recent values of σ(ψ).
Limited by the theoretical uncertaintyσ(ψ)th, our updated
constraints remain far from competitive and are unlikely to
improve in the foreseeable future. The best bounds to date
come from atom interferometry experiments [40], which are
able to constrain log10 βm . 5 [41]. A different region
of parameter space around βm ≈ 1 is also excluded from
torsion experiments [42], although these apply only for a
limited range of effective masses mφ and can be evaded if the
screening mechanism is adjusted (see [43] for a review). Our
constraint on βγ is similarly poor. The tightest bound again
arises from torsion experiments [42], yielding log10 βγ . 3,
but with the same caveats. A more universal bound from col-
lider experiments [44] gives log10 βγ . 13.5. TheGammeV–
CHASE experiment [18] lowers this to log10 βγ . 11 for
chameleons with effective mass mφ . 1meV.
B. Regularizing singularities
At this point, we must clarify a caveat to our calculations
in Table I. The A−3 integral formally diverges for S1/2 and
P1/2 states, because their wave functions are nonzero at the
origin, and a chameleon-induced correction to the Coulomb
potential ∝ r−3 is sufficiently steep. This is unphysical, and
we naturally expect the finite size of the nucleus to regu-
larize this divergence. For radii smaller than the nuclear
charge radius rN , the bare Coulomb potential ∝ r−1 is re-
placed by A(0)
0
= −ζF(r), where F is some form factor
FIG. 2. Dependence of the regularized integrals Aq on the cutoff
radius rcut, normalized by the proton radius rp , for the lowest-lying
levels of hydrogen. The q = −3 integral is particularly insensitive
to the cutoff.
due to the nuclear charge distribution. As a crude exam-
ple, F = (2rN )−1(3− r2/r2N ) for a uniformly charged sphere.
In principle, this is calculable for any givenmodel charge dis-
tribution, but we will remain agnostic about the exact form
of F in our argument. The delta function approximating the
mass density of the nucleus must also be replaced by some
distribution for r ≤ rN .
As a result, the rq (q < 0) dependence of each of the terms
in the perturbation Hamiltonian becomes
rq →
{
rq r > rN,
r
q
N
F (r) r ≤ rN,
(37)
where F (r) is the corresponding form factor, which is gener-
ally different for each term in δH. Since the mass and charge
distributions of the nucleus are now regular near the origin,
so is F (r). Further assuming that rq and rq
N
F (r), and their
first derivatives, match at the boundary r = rN , this suggests
F is bounded betweenF (rN ) = 1 and F (0) > 1, but of order
unity. At leading order, we can approximate F (r) ≈ F (0).
Therefore, and only when necessary, we regularize the
expectation valuesAq using a cutoff radius,
Aq(rcut) =
∫ rcut
0
dr |ψ |2r2rqcut +
∫ ∞
rcut
dr |ψ |2r2+q . (38)
Rather than keep an explicit factor ofF(0) in the first integral,
we absorb its unknown value into rcut, which we then allow
to differ slightly from rN . The q = −3 integral depends
(almost) logarithmically on rcut (see Fig. 2), suggesting that
this term is not sensitive to the detailed nuclear structure and
that our approximation captures the physics sufficiently well.
We therefore set rcut = rN ∼ A1/3rp in this paper, where A is
the mass number and rp is the proton radius.
We further note that all the divergent terms in δH, once
regularized, predict energy shifts that are many orders of
magnitude smaller than those predicted by the other, finite
7terms. So even if one were uneasy about this procedure, it
does not discount the predictive power of the finite terms.
Given that we believe we have a good understanding of why
and how these singularities should be removed, we have
found it interesting to include their effects in our discussion.
C. Lamb shift and the proton radius puzzle
Both the A−2 and B−2 terms have a similar radial depen-
dence, but they arise from different physics. The former is
the mass of the nucleus sourcing a correction to the electric
field, which explains the factor of ζmN . The latter is the
electric field sourcing a chameleon profile, which couples to
the electron mass via the metric, thus picking up a factor of
Zζme. The inclusion of the A−2 term in this work explains
why we find a much larger correction to the Lamb shift, on
the order of mp/me for hydrogen.
It is interesting to ask if this larger contribution is able
to resolve the proton radius puzzle. Stated simply, the
puzzle is a 7σ discrepancy between measurements of the
proton charge radius from experiments using electronic and
muonic hydrogen. Electron-proton scattering and measure-
ments of hydrogen and deuterium transition lines give rp =
0.8751(61) fm [36], whereas a measurement of the Lamb
shift in muonic hydrogen [45] gives rp = 0.84087(39) fm.
One approach to resolving this puzzle, and the one employed
here, is to assume that the radius inferred from electronic
hydrogen experiments is accurate. One then has to introduce
“newphysics” that gives a correction δE(2P1/2−2S1/2)(µ−) ≈
300 µeV [46] to resolve the discrepancy between the theoret-
ical and experimental values of the muonic Lamb shift.
The solid line in Fig. 1 shows the set of possible values of
βm and βγ that allow the chameleon to resolve this puzzle,
and is ruled out by constraints placed in Sec. VA. The dotted
line shows the same set of values inferred from the previous
analysis in [29]. While the ratio of theA−2 toB−2 terms is of
order 104 in electronic hydrogen, this reduces to mp/mµ ∼
10 in muonic hydrogen, explaining why the solid line is
lowered only by an order ofmagnitude. Many other solutions
have been proposed (see [46] for a review, and [47] which
introduces no newphysics but proposes a change of boundary
conditions at small r on the electronwave function), although
the puzzle still remains an open problem.
D. Hyperfine splitting
We consider the effects of the nuclear spin in this section.
We have neglected a magnetic contribution B2(0) as a source
for the chameleon profile in Eq. (11), as it is subleading with
O(γ2), whereas all terms here are linear in γ. Once again
ignoring the background gradient φ¯i , the Hamiltonian is
δHhfs ⊃ γG
10
ǫijkα
i I j xk
(
5βmβγ
mN
r4
+ β2γ
Zζ
r5
)
. (39)
Both terms have operators of the form ǫijkαi I j xkr−n, not
unlike the hyperfine structure term in Eq. (32b), and hence
can be treated using similarmethods. Following the approach
in [48], we find
〈δHhfs〉 ⊃ − κγG
4κ2 − 1 [F(F + 1) − I(I + 1) − j( j + 1)]
×
(
βmβγmNC−3 + Zζ
5
β2γC−4
)
, (40)
where κ is a quantum number, related to the angular-
momentum quantum numbers j and l by Eq. (A.3); F = I+ j
is the total angular momentum of the system; and Cq =
〈iαr βrq〉 is a radial expectation value, with αr denoting the
projection of the Dirac α matrices along the radial direction.
For S1/2 and P1/2 states, both C−3 and C−4 are singular, and
we regularize just as we did forA−3 in Sec. VB.
We find that the ground-state hyperfine transition picks up
the correction
δE(1SF=1
1/2 − 1SF=01/2 ) = (1.4 × 10−48 eV) βmβγ
+ (6.5 × 10−53±1 eV)β2γ . (41)
We have included a rough uncertainty in the second term
because the C−4 integral depends on the cutoff as C−4 ∼ r−1cut
(this behavior is briefly explained in theAppendix). It follows
that this term is more sensitive to the form factor F (r). We
expect that the uncertainty due to our crude approximation
can be at most rcut ∼ 100±1rp, which is reflected in the above
equation.
For comparison, the leading hyperfine-structure term
[Eq. (32b)] gives an energy splitting ∼ 10−6 eV in hydrogen.
While measurements of this transition have been performed
with great precision, achieving relative standard uncertain-
ties at the level of 10−12 [49], larger theoretical uncertainties
make this transition ill-suited for constraining parameters.
This arises from a poor understanding of how the nucleus
affects these states. However, even if theoretical predictions
were able to match experimental precision, it is easy to check
that this still produces weaker bounds on βm and βγ than in
Eq. (36).
E. Equivalence principle violations
Our discussion so far has been concerning chameleon ef-
fects that might be present on Earth. In unscreened, astro-
physical environments, the chameleon vev φ¯ and its gradient
φ¯i can lead to violations of the Einstein equivalence principle
(EP).
Recall that the effect of φ¯ is to induce effective gravitational
and fine-structure constants [Eq. (14)]. If this has a value φ¯⊕
on Earth, we normalize Ω(φ¯⊕) = ε(φ¯⊕) = 1, such that the
bare constants GN and α take their usual measured values.
Deviations of Ω and ε from unity give rise to a fractional
change in all energy levels. For nonrelativistic states with
ζ ≪ 1, the gross-structure energy levels are approximated
by the modified Rydberg formula
En = − Z
2α2me
2ε¯2n2
. (42)
For ε¯ sufficiently different from unity, this can be an ob-
servable effect. However, because this fractional change
applies equally to all transition lines, distinguishing it from
8a cosmological redshift is difficult. In fact, it has long been
understood that the spectra of many-electron atoms is far
more sensitive to variations in the fine-structure constant.
In particular, comparing absorption lines of FeV and NiV
in the atmospheres of white dwarfs with those measured in
the laboratory has been found to be a useful probe of this
effect [50].
We might wonder if the gradient φ¯i stands a better chance
of detection in hydrogen. It leads to a fine-structure correc-
tion
δHfs ⊃
1
2
ζ βγ φ¯ix
ir−1 =
1
2
ζ βγ |∇φ¯| cos θ, (43)
where we have aligned the z axis of the atom’s rest frame
with φ¯i in the second equality. This term is analogous to the
Stark effect. As cos θ is an odd-parity operator, the matrix
element 〈ψ′ | cos θ |ψ〉 vanishes unless the states ψ, ψ′ have
opposite parity. This operator therefore mixes degenerate
states with the same principal quantum number n but with
differing angular-momentum quantum numbers κ = ±|κ |,
such as states in the S1/2 and P1/2 levels. The energy split-
ting and the eigenstates can then be found using standard
methods of degenerate perturbation theory. Unfortunately,
QED corrections [36, 37] much larger than this chameleon
effect lift such degeneracies, nullifying any response to the
presence of a chameleon gradient. The degeneracy between
the 2S1/2 and 2P1/2 levels is famously broken by the Lamb
shift, for instance.
How large must the background gradient be that its effect
is not forbidden by QED corrections? If Eq. (43) is to be
comparable to, or greater than, the Lamb shift ∼ 10−6 eV,
we require βγ |∇φ¯| & Z−1 10−4 eV ≈ Z−1 1019 g⊕, where we
recall that g⊕ is the surface gravity on Earth. The best
candidates for extreme surface gravities are neutron stars,
but even they have surface gravities of “only” ∼ 1011 g⊕ .
But this large surface gravity also implies that a chameleon
will be screened by the thin-shell effect [2], so its gradient
|∇φ¯| ≪ 1011g⊕ .
The chameleon gradient also generates a hyperfine-
structure correction
δHhfs ⊃ γ
2
βγ(ǫjkmδil − ǫijkδlm)φ¯m α
i I j xk xl
r3
. (44)
The relevant matrix elements are between states with dif-
ferent total angular-momentum quantum numbers, but with
identical electron quantum numbers n and κ. For instance,
the 21 cm line from the ground-state splitting 1SF=1
1/2 −1SF=01/2
has n = 1, κ = −1 in both states. Since the part of the opera-
tor in Eq. (44) acting on the electron has odd parity, whereas
the relevant matrix elements are between electron states of
equal parity, this term also gives no contribution.
F. Comparisons with the Einstein frame
When transforming to the Einstein frame, one convention-
ally makes the field redefinition ψ˜ = Ω−3/2ψ [30], where
ψ˜ and ψ are the spinors in the Einstein and Jordan frames,
respectively. This recovers a canonical kinetic term for ψ˜,
but because Ω multiplies the mass term in the Dirac action
by one extra power, ψ˜ now has a chameleon-dependentmass
m˜e = Ω(φ)me. This result has occasionally been used to
claim that the energy of Rydberg states [Eq. (42)] also in-
cludes a factor of Ω¯. Indeed, had we repeated all of our
calculations in the Einstein frame, we would find stray or
missing factors of Ω¯ in our equations. This is a reflection
of the fact that physical equivalence is preserved only if the
units used tomeasure length, time, and energy also scale with
appropriate factors of Ω¯ when transforming between the two
frames [51]. Accounting for this ensures that no factor of
Ω¯ is present in Eq. (42), as is to be expected, since energies
are observable quantities that should be independent of the
choice of frame.
There is a second subtlety at play here. We found in the Jor-
dan frame that the chameleon couples to the electronmass via
its effect on the metric. In the Einstein frame, the chameleon
has no backreaction on the metric at linear order [52], in-
stead coupling directly to the mass. Consequently, the term
3
2
iαi∂iΦS is absent in the Einstein-frame Hamiltonian, sug-
gesting that we have two different theories. The factor of 3/2
makes it apparent that this discrepancy arises from the field
redefinition. Strictly, field redefinitions do not alter the S-
matrix, so they should not change the physical content of the
theory. What has gone wrong is that our quantization pro-
cedure is inconsistent. In this paper, we have quantized ψ,
treating everything else as a classical background, whereas
the original analysis in [29] quantizes ψ˜ instead. We expect
that physical equivalence is recovered if all fields are treated
quantum mechanically. Practically, this is hard, leaving us
with what is essentially a choice of interpretation: Either
ψ is interpreted as the electron and ψ˜ as a mixed electron-
chameleon degree of freedom or vice versa. The field to
quantize is the one we choose to call the electron. We would
argue that ψ is the more natural choice since it couples min-
imally to the Jordan frame metric, where it obeys properties
typically ascribed to matter: Its trajectories follow geodesics,
and it obeys the usual conservation laws ∇µTµν = 0.
VI. CONCLUSIONS
The effects of a chameleonon the spectrumof one-electron
atoms can be categorized into three broad classes: fine and
hyperfine corrections due to physics in the atom’s rest frame,
the generation of EP-violating terms due to a backgroundgra-
dient in unscreened environments, and through the induction
of effective constants of nature due to a local vev.
Previous studies [29] have already understood that the
mass and electromagnetic fields of the nucleus generate a
local chameleon profile, which then perturbs the Hamilto-
nian. We find that, additionally, the chameleon field acts as a
secondary charge and current source (Sec. III D), leading to
corrections to the bare electromagnetic fields. These give rise
to perturbations in theHamiltonian at the same order. Includ-
ing this effect predicts a correction to the Lamb shift that is
larger by a factor of mp/me in the case of hydrogen, prompt-
ing us to reconsider the prospects of resolving the proton
radius puzzle with a chameleon (Sec. VC). We quickly find
that this is ruled out by constraints on the matter and photon
couplings, βm and βγ , obtained using precise measurements
of hydrogen transition lines (Sec. VA). The Lyα line remains
the most stringent constraint, bounding log10 βm . 13.4 and
9log10 βγ . 19.0. These are universal to all screening mech-
anisms, provided only that the chameleon’s effective mass
in the laboratory satisfies mφ ≪ 4 keV. Although an im-
provement over [29], these remain far from competitive and
are unlikely to improve in the foreseeable future. (Tighter
constraints obtained from other methods in the literature are
discussed at the end of Sec. VA, or see [43] for a review.)
Including the effects of the nuclear spin (Sec. VD) allows
for the study of hyperfine-structure corrections. As these
terms contain steep potentials ∝ r−3 and r−4, their expecta-
tion values formally diverge for S1/2 and P1/2 states, whose
wave functions are nonzero at the origin. Such singular-
ities are removed by finite nuclear size effects, which we
have modeled by imposing a cutoff at the nuclear radius (see
Sec. VB). After regularization, we find that the predicted
energy shifts are too small to place better bounds on βm and
βγ .
A background chameleon gradient generates EP-violating
terms in the Hamiltonian, but simple parity arguments show
that their expectation values must vanish (Sec. VE). Though
disheartening in terms of observational prospects, it is in-
teresting and somewhat surprising that, at linear order, one-
electron atoms are blind to the presence of a background
chameleon. While second-order terms will likely be parity-
even and give a nonzero contribution, at this order we expect
such terms to be too strongly suppressed to be useful.
Consequently, the most likely effect to be observed is also
the simplest: The local vev of a chameleon, when coupled to
the photon, gives rise to energy shifts by inducing an effec-
tive fine-structure constant α → α/ε(φ). As this leads to the
same fractional change in all energy levels, detecting varia-
tions in α between observer and source proves challenging
since it would be indistinguishable from a cosmological red-
shift. Instead, we propose looking for this effect in settings
where the fine-structure constant varies across the spatial
extent of the source. As an example, it has recently been
shown [53] that the effect of cold dark matter on the radial
acceleration relation of rotationally supported galaxies can be
mimicked by a symmetron only partially screened on galac-
tic scales. In such instances, the symmetron profile changes
appreciably (at the percent level for a disk-dominated mass
budget) between the center and outer regions of the galaxy.
In fact, since the rotation curves for these galaxies [20] are
inferred from hydrogen spectroscopy, a symmetron-photon
coupling would lead to an interesting interplay of effects. In
the best-case scenario, this might further improve the agree-
ment between theory and data. We hope to explore this in
future work.
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APPENDIX: RADIAL EXPECTATION VALUES
OF THE HYDROGENWAVE FUNCTION
The unperturbed Hamiltonian for a one-electron atom is
given in Eq. (32a), where the Dirac matrices take the form
αi =
(
0 σi
σi 0
)
, β =
(
1 0
0 −1
)
(A.1)
in the Dirac-Pauli representation, and σi are the usual Pauli
matrices. In this representation, we can write
ψ =
(
g(r)χmκ
i f (r)χm−κ
)
. (A.2)
The spinor spherical harmonics χmκ are the eigenstates of the
operators −(L · σ + 1) and Jz , with corresponding quantum
numbers κ and m, respectively. Note that κ is related to the
usual angular-momentum quantum numbers j and l via
κ =
{
j + 1/2 (l = j + 1/2),
−( j + 1/2) (l = j − 1/2). (A.3)
Each electron state is therefore labeled by the three quantum
numbers {n, κ,m}, and has energy
Enκm = me
(
1 +
ζ2
(n + ν − |κ |)2
)−1/2
, (A.4)
where ν =
√
κ2 − ζ2. The radial functions f and g are real
and depend only on the quantum numbers n and κ.
In Sec. VA, we have used the fact that 〈αi∂iΦS〉 vanishes
ifΦS is spherically symmetric. This integral evaluates to [38]
〈αi∂ih(r)〉 =
∫ ∞
0
dr (g f − f g)r2h′(r) = 0 (A.5)
for any spherically symmetric function h, as claimed. The
remaining expectation values in this paper have been defined
in terms of three integrals [38],
Aq := 〈rq〉 =
∫ ∞
0
dr (g2 + f 2)rq+2, (A.6a)
Bq := 〈βrq〉 =
∫ ∞
0
dr (g2 − f 2)rq+2, (A.6b)
Cq := 〈iαr βrq〉 = −2
∫ ∞
0
dr g f rq+2. (A.6c)
Defining E = Enκm/me and a =
√
1 − E2, direct evaluation
yields [39]
B−1 =
a2me
ζ
, (A.7a)
B−2 =
2a3m2e(2ν2 − Eκ)
ζν(4ν2 − 1) , (A.7b)
A−2 =
2a3m2eκ(2Eκ − 1)
ζν(4ν2 − 1) , (A.7c)
A−3 =
2a3m3e(3E2κ2 − 3Eκ − ν2 + 1)
ν(ν2 − 1)(4ν2 − 1) . (A.7d)
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As was pointed out in Sec. VB, theA−3 integral diverges
for S1/2 and P1/2 states, which have |κ | = 1. To see this, write
f and g as series solutions [38]
f (r) = rν−1
∞∑
k=0
fkr
k, g(r) = rν−1
∞∑
k=0
gkr
k, (A.8)
such that any of the three integrals has the form
Aq =
∫ ∞
0
dr r2ν+q
∞∑
k=0
akr
k, (A.9)
where fk , gk , and ak are appropriate coefficients. This di-
verges if 2ν + q ≤ −1. For |κ | = 1, this happens when
q ≤ −3.
Obviously, Eqs. (A.7) are no longer valid when these inte-
grals diverge. Instead, we evaluate Eq. (A.6) directly while
applying a cutoff radius rcut, as defined in Eq. (38). All the
q = −3 integrals are particularly insensitive to the choice of
cutoff, as is shown in Fig. 2 forAq . This is also easily seen.
If the integrand is dominated by the singularity at the origin,
then we can approximate
Aq ∼
∫ ∞
rcut
dr r2ν+qa0 + (subleading terms). (A.10)
For the choice |κ | = 1 with q = −3, the exponent is 2ν + q ≈
−1.00005. Occasionally, the integral is less sensitive to rcut
than this would predict (e.g., the 2P1/2 lines in Fig. 2). This
occurs when there is also a finite but substantial contribution
from the integrand away from r = 0.
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